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We theoretically examine a cross effect of magnetic field and charge current on antiferromagnetic
domain wall dynamics. Since antiferromagnetic materials are largely insensitive to external magnetic
fields in general, charge current has been shown recently as an alternative and efficient way to
manipulate antiferromagnets. We find a new role of the magnetic field in the antiferromagnetic
dynamics that appears when it is combined with charge current, demonstrating a domain wall
motion in the presence of both field and current. We show that a spatially-varying magnetic field
can shift the current-driven domain-wall velocity, depending on the domain-wall structure and the
direction of the field-gradient. Our result suggests a novel concept of field-control of current-driven
antiferromagnetic dynamics.
I. INTRODUCTION
In recent years, antiferromagnets (AFMs) are generat-
ing more attention due to their potential to play pivotal
roles in spintronics applications[1–3]. AFMs are robust
against external magnetic fields, produce no or negligibly
small stray fields, and exhibit faster magnetic dynamics
compared to ferromagnets. The insensitivity of AFMs to
magnetic fields, however, may also indicate that an exter-
nal magnetic field does not provide an efficient method to
manipulate AFMs, a fact that has hindered active appli-
cations of AFMs in today’s technology. In the emergent
field of antiferromagnetic spintronics, charge current is
proving to be capable of offering promising ways to ac-
cess the AFM dynamics, via the spin-transfer effect[4–
18] and the Ne´el spin-orbit torque[19–21]; e.g., current-
driven motion of AFM textures such as domain walls[10–
15, 21] and skyrmons[16–18] have been proposed.
However, it may be too hasty to conclude that the
magnetic field will not find its place in future spintron-
ics applications. The equation of motion for a two-
sublattice AFM is a second order differential equation
of time[22, 23], where an external magnetic field H and
a charge current density v (in the unit of velocity[24])
enter as the factors γH, with γ the gyromagnetic ratio,
and (v · ∇)[11–15], respectively, each being in the unit
of t−1. The AFMs therefore can allow for cross terms
of magnetic field and charge current to appear directly
in their equation of motion[15], unlike the ferromagnetic
counterpart. The magnetic field may thus be able to
play some roles in the AFM dynamics when it is com-
bined with charge current. Very recently, the equation of
motion that contains such cross terms has been indeed
derived for certain classes of two-sublattice AFMs[15]. It
remains to be examined, however, how the cross terms
manifest themselves and make impacts in concrete and
practical systems.
In this work, we theoretically demonstrate a cross ef-
fect of external magnetic field and charge current on
AFM domain wall (DW) dynamics in a thin nanowire.
To specify the effective spin-transfer effect, we restrict
ourselves to a class of AFMs where the inter-sublattice
electron transport is strongly suppressed. We derive an
equation of motion of the DW based on a collective-
coordinate model, in the presence of both charge current
and magnetic field. It is shown that a spatially-varying
magnetic field applied in the out-of-plane, which cannot
drive the DW into motion by itself, either increases or
decreases the current-driven DW velocity depending on
the DW structure and the direction of field-gradient. Our
results suggest the possibility of a novel way to manip-
ulate AFMs, namely, field-control of the current-driven
AFM dynamics.
II. MODEL
We consider a thin nanowire of metallic AFM, which is
composed of two sublattices (1 and 2) with equal satura-
tion magnetization MS. We employ the one-dimensional
model along the z-axis, where we assume the uniformity
of the magnetizations in the lateral directions, i.e., the x-
y plane. (See Fig. 1 for our coordinate system.) In order
to treat the magnetizations classically, the coarse grain-
ing for the magnetic channel is performed[25, 26]. The
classical vector m1(z, t) (|m1(z, t)| = 1) is a continuous
function in space that represents the local magnetization
direction in the sublattice 1, with a similar definition for
m2(z, t); here the lattice structure is smeared out and
the magnetizations of both sublattices are defined at ev-
ery point in space. This classical treatment is allowed
when the spatial variation of each magnetization is suffi-
ciently slow compared to the atomistic length scale.
As more experimentally relevant quantities, we here
introduce the ferromagnetic canting vector m(z, t) =
[m1(z, t)+m2(z, t)]/2 and the Ne´el order vector n(r, t) =
[m1(z, t) −m2(z, t)]/2. The conditions of m2 + n2 = 1
and m ·n = 0 are a direct consequence of the definitions
of m and n given above.
We employ the following magnetic energy density w(z)
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2to describe the AFM;
w(z) = wexc(z) + wani(z) + wzmn(z). (1)
The first term, wexc = µ0MSHE(m
2 − n2) +A(∂zn)2 +
A′(∂zm)2, describes the exchange interactions between
the local magnetizations, with HE representing the ho-
mogeneous exchange field, and A and A′ being the in-
homogeneous exchange constants. The second term,
wani = Ky(m
2
y + n
2
y) − Kz(m2z + n2z), is the magnetic
anisotropy energy, where the easy and hard-axes along
the z and y directions, respectively, are assumed, with the
anisotropy constants Ky(> 0) and Kz(> 0). The third
term, wzmn = 2µ0MSH ·m, is the Zeeman energy. In this
study we assume that the AFM exchange coupling be-
tween m1 and m2 is the leading energy scale, as usually
is the case, being strong enough to ensure |m(z, t)|  1.
The equations of motion for n and m can be obtained
by assuming two coupled Landau-Lifshitz-Gilbert equa-
tions for the sublattice magnetizations, where Heff1 =
−(µ0MS)−1δw/δm1 and Heff2 = −(µ0MS)−1δw/δm2
act as the effective magnetic fields on m1 and m2, re-
spectively, and then reading these equations in terms of
n and m.
In the presence of charge current, the effective in-
teraction between the conduction electrons and the lo-
cal magnetizations depends on the detail of the electron
transport through the two sublattices[14–16]. For the
present purpose to explore the possibility of cross effects
by charge current and magnetic field, we here focus on
a simple limiting case where the inter-sublattice electron
transport is virtually suppressed[15, 16]; this is the case
when the local exchange coupling between the conduc-
tion electron spin and the magnetization is strong com-
pared to the electron’s kinetic energy corresponding to
the inter-sublattice hopping. In this case, the equation
of motion for n including the spin-transfer effect[27] can
be derived in an analytical and quantitative fashion as[15]
n × [(D2t − c2∂2z)n+ γ2 (n ·H)H + γn×DtH
−2γ (n ·H)n×Dtn+ γ (Kznzzˆ −Kynyyˆ)
µ0MS
+2γHE (α∂t − βu∂z)n] = 0, (2)
while m is determined as a function of n;
m =
1
2γHE
(Dtn+ n× γH)× n, (3)
where α and β are dimensionless parameters describing
the dissipative process, and c2 = 2γ2HE/µ0MS. The
spin-transfer effects brought on by the charge current are
reflected in the Lagrange derivative Dt that is defined by
Dt = ∂t − u∂z, (4)
where u = (gµBPsub/2eMS)jc, with g the g factor, µB
the Bohr magneton, e the elementary charge, jc the
charge current density, and Psub the spin polarization
FIG. 1: a. Schematic of our system. A one-dimensional do-
main wall is formed in the antiferromagnetic nanowire that is
composed of the two sublattice-magnetizations m1 and m2.
In order to drive the DW into the motion, the charge cur-
rent jc and the magnetic field H are applied along the z and
y axes, respectively, with the field-gradient realized in the z
direction. b. Schematics of domain wall configurations with
different sets of (Q, χ). (see the main text for the definitions
of the quantities.) Because of the equivalence of the two sub-
lattices, (+1,+1) and (−1,−1) [(+1,−1) and (−1,+1)] are
indistinguishable, each being characterized by Qχ = +1 [−1].
defined in each sublattice[28]. In deriving Eqs. (2) and
(3) we have used the conditions µ0MSHE  Ky,Kz,
|m|  1, and n2 ' 1. Eqs. (2) and (3) respect the
Galilean invariance with respect to the charge current
when α = β = 0.
The third and forth terms in Eq. (2) contain both Dt
and H, i.e., they are cross terms of charge current and
magnetic field. Although the possibility of field-current
cross effects due to these terms was already pointed
out[15], it remains to be confirmed in concrete and prac-
tical systems. In the following, we demonstrate domain
wall (DW) motion in the presence of uniform dc charge
current and spatially-varying dc magnetic field, where
the third term in Eq. (2) plays a role.
III. DOMAIN WALL MOTION
In equilibrium with no magnetic field, it is seen from
Eq. (3) that m = 0. A one-dimensional DW solution
for n(z) = (sin θ(z) cosφ(z), sin θ(z) sinφ(z), cos θ(z)) is
obtained by locally-minimizing the magnetic energy σ ≡∫∞
−∞ w dz with the boundary condition θ(±∞) = (0, pi)
or (pi, 0);
θ (z) = 2 tan−1
[
exp
(
Q
z − q
∆
)]
, (5)
χ ≡ cosφ = ±1, (6)
3FIG. 2: Blue curve; The domain-wall velocity ∂tq [in the
unit of V , Eq. (13)] as a function of time [in the unit of λ−1,
Eq. (10)], based on Eq. (11) with initial condition ∂tq|t=0 = 0.
The green dotted line indicates the terminal velocity, where
V is assumed to be negative. The characteristic time for the
velocity relaxation is indicated by the brown dotted line. In-
set; Eq. (5) is plotted as a function of z with Q = ±1. The
domain-wall width parameter ∆ is defined in Eq. (8). In the
present model, this DW structure is assumed to be sustained
in the presence of current and field as well as in equilibrium,
save for the time dependence of q(t).
where q represents the position of the DW center, Q is
the topological charge of the DW;
Q =
1
pi
∫ ∞
−∞
∂zθdz = ±1, (7)
and ∆ is the DW-width parameter defined by
∆ =
√
A
K
. (8)
Schematics of the DW configurations with different sets
of (Q,χ) are shown in Fig. 1 (b). Because of the equiv-
alence of the two sublattices, (+1,+1) and (−1,−1) are
indistinguishable, and so are (+1,−1) and (−1,+1); the
DW can be characterized by Qχ = ±1. Eq. (5) is plotted
in the inset of Fig. 2.
A charge current and magnetic field can drive the
DW into motion according to Eq. (2). Here we assume
that the driving forces due to the current and field are
weak enough that the DW sustains its structure given
by Eqs. (5) and (6), except that the DW center q(t) be-
comes time-dependent; the DW dynamics is described by
the time evolution of the collective coordinate q(t). In the
presence of uniform dc charge current flowing along the
nanowire (the z axis) and spatially-varying dc magnetic
field applied in the our-of-plane (the y axis), Eq. (2) with
the above ansatz is reduced to
∂2t q + λ∂tq = −2uβγHE +Qχ
piγ∆
2
u∂zH, (9)
where ∂zH is assumed to be constant, and
λ = 2αγHE . (10)
FIG. 3: The domain-wall velocity ∂tq (in the unit of uβ/α)
is plotted as a function of time (in the unit of λ−1), with
different field-gradients. With no field-gradient (black curve),
the velocity reaches −1, as is known. The presence of field-
gradient ∂zH (red and brown curves) leads to either increase
or decrease in the DW velocity, depending on Qχ. (Here
∂zH is assumed to be positive.) See the main text for the
definitions of the other quantities.
In the right-hand side of Eq. (9), we find the two driving
forces on q(t); the first term is solely by the charge cur-
rent, having its origin in the last term in Eq. (2), whereas
the second term is a cross term of the current and field,
whose origin is the third term in Eq. (2). Notice that the
sign of the cross term depends on Qχ = ±1.
General solutions, ∂tq(t) and q(t), of Eq. (9) are ob-
tained as (see Fig. 2)
∂tq(t) = V
(
1− e−λt)+ ∂tq|t=0 e−λt, (11)
q(t) = V t+
V − ∂tq|t=0
λ
e−λt+q(0)− V − ∂tq|t=0
λ
, (12)
where
V ≡ ∂tq|t→∞ = −
u
α
(
β − piQχ
4
∂zH
HE/∆
)
. (13)
In the absence of field gradient, the terminal velocity V is
proportional to the ratio −β/α of the dissipative parame-
ters, being consistent with the existing study[11–13, 15].
The coexistence of the magnetic field and charge cur-
rent leads to either increase or decrease in V , depending
on the direction of the field-gradient and Qχ = ±1 (see
Fig. 3).
IV. DISCUSSIONS AND CONCLUSIONS
Our attempt to estimate the terminal velocity V faces
the difficulty that for most AFMs there is only little or
almost no experimental data available on the values of
the crucial material parameters such as α and β. Em-
ploying µ0HE = 10 T and ∆ = 100 nm, which are in the
reasonable range for typical AFMs[29], the ratio of the
4absolute values of the first and second terms in Eq. (13)
is given by
1
β
∣∣∣∣piQχ4 ∂z(µ0H)µ0HE/∆
∣∣∣∣ ' 0.79× 10−8 |∂z(µ0H)|β (14)
Assuming |∂z(µ0H)| = 100 T/m, and borrowing the typ-
ical value β = 0.01 of the nonadiabatic parameter for the
ferromagnets, Eq. (14) is evaluated as ∼ 10−4; in typical
AFMs the field-current cross term in Eq. (13) is expected
to be small compared to the other term. To identify
the proposed field-current cross effect on DW dynamics,
therefore, material should be chosen carefully. The pres-
ence of field-gradient would lead to a visible shift in the
current-driven DW velocity when smaller β and HE , and
larger ∆ (that is, smaller anisotropy constant Kz) are
realized.
Effects of an inhomogeneous magnetic field was also
investigated in Ref. [30]. It was proposed that a
spatially-varying external magnetic field, applied along
the nanowire unlike our case, can drive a DW motion
even in the absence of charge current. Their argument
is based on the observation that the spatial variation of
the Ne´el order vector around the DW is accompanied
by finite ferromagnetic canting moment, which directly
couples to the external magnetic field. This effect is em-
phasized when the DW width becomes as small as a few
lattice spacings; we have neglected this effect because our
model assumes the slow spatial variation of the magne-
tizations compared to the atomistic length scale. At any
rate, the authors of Ref. [30] and we look at different
effects, which may be compatible with each other.
While we have for simplicity restricted ourselves to the
limiting case where the inter-sublattice electron transport
is suppressed, the equations of motion (2) and (9) would
not simply apply to other classes of AFMs[15]; the role
played by a magnetic field in the DW dynamics should
be reformulated and reexamined there. Lastly, while the
other field-current cross term, the forth term in Eq. (2),
can be neglected in the one-dimensional DW dynamics,
it would not be the case in more complex structures.
Detailed investigations into these quenstions would be
possible directions for further research.
In conclusion, we have theoretically studied antiferro-
magnetic domain wall dynamics in the presence of charge
current and magnetic field. It has been shown that a
spatially-varying magnetic field can either increase or de-
crease the current-driven domain-wall velocity depend-
ing on the domain wall structure and the direction of
the field-gradient. This is the first demonstration of a
field-current cross effect on antiferromagnetic dynamics.
We believe that our result has made an important step
towards the field-control of the current-driven antiferro-
magnetic dynamics.
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